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Introduction
A birational transformation ϕ : Pn 99K S ⊂ Pn+1 of a complex projective space into a non-
linear and sufficiently regular hypersurface S, is said to be of type (d1,d2), if ϕ (resp. ϕ−1)
is defined by a sublinear system of |OPn(d1)| (resp. |OS(d2)|); ϕ is said to be special if its
base locus B = Bs(ϕ) is smooth and connected. Consider a ϕ as above, supposed to be
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special and of type (2,d). The blow-up pi : X = BlB(Pn)→ Pn of Pn along the base locus
B resolves the indeterminacies of the transformation ϕ . Comparing the two ways in which
it is possible to write the canonical class KX , with respect to pi and pi ′ := ϕ ◦ pi, we get a
formula expressing the dimension of B as a function of n, d and deg(S), see Proposition
3.1. The primary advantage in dealing with the case d1 = 2 is that B is a QEL-variety, i.e.
the general entry locus of B is a smooth quadric hypersurface. Therefore it is possible to
apply the main results of the theory of QEL-varieties; in particular, the Divisibility Theorem
[33, Theorem 2.8], together with the formula on the dimension of B, drastically reduces the
set of quadruples (dim(B),n,d,deg(S)) for which such a ϕ exists.
The ϕ of type (2,1) are described in Proposition 2.3 as the only transformations whose
base locus is a quadric of codimension 2; in particular, modulo projective transformations,
there is only one example. With regard to the ϕ’s of type (2,2) into a quadric hypersur-
face Q, it is known that a special Cremona transformation Pn+1 99K Pn+1 of type (2,2) has
as base locus a Severi variety (see [14]) and moreover, modulo projective transformations,
there exist only four Severi varieties (see [40] and Table 1.1 below). Now, if we restrict these
transformations to a general hyperplane Pn ⊂ Pn+1, we clearly obtain special transforma-
tions ϕ : Pn 99K Q ⊂ Pn+1 of type (2,2) (see Example 4.1). In Theorem 5.1 we prove that
all examples of ϕ of type (2,2) into a quadric Q arise in this way; in particular, their base
loci are hyperplane sections of Severi varieties. Regarding special transformations of type
(2,2) into a cubic and quartic hypersurface we are able to determine some invariants of the
base locus as the Hilbert polynomial and the Hilbert scheme of lines passing through a point
(Propositions 7.2 and 7.3).
We point out that in [36, §5] (see also [37]), in a similar way to here, special birational
transformations P2m−2 99K P(
m+1
2 )−1 of type (2,1) and of type (2,2) whose image is the
Grassmannian G(1,m) were classified.
Another approach to the study of all ϕ of type (2,d) is their classification according to
the dimension of the base locus. In Table 6.1 (which is constructed via Propositions 6.2 and
6.6), we provide a list of all possible base loci when the dimension is at most 3, although in
one case we do not know if it really exists. As a consequence, in Corollary 6.8, we obtain
that a special transformation ϕ of type (2,3) into a cubic hypersurface S has as base locus
the blow-up Bl{p1,...,p5}(Q) of 5 points p1, . . . , p5 in a smooth quadric Q⊂ P4, embedded in
P8 by the linear system |2HP4 |Q− p1−·· ·− p5| (see also Example 4.5).
In the last section we treat birational transformations ϕ : Pn 99K Q⊂ Pn+1 of type (2,d)
into a quadric, having reduced base locus and with n≤ 4. For n = 3 and d ≥ 2 we prove that
d = 2 and there exists only one example which is not special (Proposition 8.3); for n = 4
and d ≥ 2 we get d = 2 and all the examples are degenerations of the unique special case
(Proposition 8.5).
1 Reminders and notation
Let X ⊂ Pn be a complex projective irreducible algebraic variety of dimension r and embed-
ded in the projective space Pn. We shall assume X ⊂ Pn nondegenerate, i.e. not contained in
any hyperplane.
Secant variety Denote by SX the closure of S0X in X ×X × Pn, where S0X := {(x,x′, p) ∈
X×X×Pn : x 6= x′ and p∈ 〈x,x′〉}, and let piPn : SX →Pn, piX ,X : SX →X×X , pX : X×X →X
be the projections. The secant variety of X , Sec(X), is defined as the scheme-theoretic image
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of piPn , i.e. as
Sec(X) := piPn(SX ) =
⋃
(x,x′)∈X×X
x6=x′
〈x,x′〉.
Note that SX is an irreducible variety of dimension 2dim(X)+1, hence Sec(X) is also irre-
ducible of dimension dim(Sec(X))≤ 2dim(X)+1. A line l is said to be a secant of X if the
length of the scheme X ∩ l is at least 2; in these terms, Sec(X) is the union of all secant lines
of X . The secant defect of X is defined as the nonnegative integer
δ (X) := 2dim(X)+1−dim(Sec(X))
and X is called secant defective if δ (X)> 0. An essential tool for studying secant defective
varieties is the so-called Terracini Lemma (see [34, Theorem 1.3.1]), which states that for
two general points x,x′ ∈ X (x 6= x′) and for a general point p ∈ 〈x,x′〉, we have
Tp(Sec(X)) = 〈Tx(X),Tx′(X)〉.
Contact loci For p ∈ Sec(X)\X , put
Lp(X) := piPn(pi−1X ,X(piX ,X (pi
−1
Pn (p)))) =
⋃
{l : l secant line of X through p},
Σp(X) := piX (pi−1Pn (p)) = Lp(X)∩X = {x ∈ X : ∃x′ ∈ X with x 6= x′ and p ∈ 〈x,x′〉},
where piX = pX ◦piX ,X . Σp(X) is called the entry locus of X with respect to p. Note that Lp(X)
is a cone over Σp(X) of vertex p, hence dim(Lp(X)) = dim(Σp(X))+1. If p ∈ Sec(X) \X
is a general point, then Σp(X) is reduced and equidimensional of dimension δ (X). The tan-
gential contact locus of X with respect to the general point p (see also [34, Definition 2.3.3]
and [7, Definition 3.4]) is defined as
Γp(X) := {x ∈ reg(X) : Tx(X)⊆ Tp(Sec(X))}.
By Terracini Lemma it follows that Σp(X)⊆Γp(X) and it is possible to prove that for x,x′ ∈
X general points and p ∈ 〈x,x′〉 general point, the irreducible components of Γp(X) through
x and x′ are uniquely determined and have the same dimension, independent of p. Denoting
this dimension with γ(X), we have δ (X)≤ γ(X).
Second fundamental form For a general point x ∈ X consider the projection of X from the
tangent space Tx(X)≃ Pr onto a linear space Pn−r−1 skew to Tx(X),
τx,X : X ⊂ Pn 99K τx,X (X) =Wx,X ⊆ Pn−r−1.
By Terracini Lemma it follows that Wx,X ⊂ Pn−r−1 is an irreducible nondegenerate variety
of dimension r−δ (X) (see [34, Proposition 1.3.8]). Now, consider the blow-up of X at the
general point x, pix : Blx(X)→X , and denote by E =EX =Ex,X =Pr−1 its exceptional divisor
and by H a divisor of the linear system |pi∗x (OX (1))|. Since X is not linear, it is defined the
rational map
φ : E99KWx,X ⊂ Pn−r−1,
and the linear system associated to φ , i.e. |H − 2E||E ⊆ |− 2E||E = |OPr−1(2)|, is called
second fundamental form of X (at the point x) and it is denoted by |IIx,X |. Of course,
dim(|IIx,X |) ≤ n− r− 1 and the image of φ = φ|IIx,X | is contained in Wx,X . If X is smooth,
secant defective and Sec(X) ( Pn, then by [34, Proposition 2.3.2] φ|IIx,X |(E) = Wx,X and
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in particular dim(|IIx,X |) = n− r− 1. If x ∈ X , we denote by Lx,X the Hilbert scheme of
lines contained in X and passing through the point x. If x ∈ reg(X), there exists a nat-
ural closed embedding of Lx,X into the exceptional divisor Ex,X (see [35]). Moreover, if
Bx,X = Bs(|IIx,X |) is the base locus of the second fundamental form at a point x ∈ reg(X),
then there exists a natural closed embedding of Lx,X into Bx,X , which is an isomorphism if
X is defined by quadratic forms (see [35, Corollary 1.6]).
Gauss map Recall that the Gauss map of X is the rational map GX : X 99K G(r,n), which
sends the point x ∈ reg(X) to the tangent space Tx(X) ∈ G(r,n). For a general point x ∈
reg(X), the closure of the fiber G−1X (GX (x))= {y ∈ reg(X) : Ty(X) = Tx(X)} is a linear space
and when X is smooth, GX : X 99K GX (X) is birational (see [40]).
(L)QEL-varieties The variety X ⊂ Pn is called QEL-variety (quadratic entry locus variety)
of type δ = δ (X) if the general entry locus Σp(X) is a quadric hypersurface (of dimension
δ ); X is called LQEL-variety (locally quadratic entry locus variety) if every irreducible
component of the general entry locus Σp(X) is a quadric hypersurface; X is called CC-
variety (conic-connected variety) if for two general points x,y∈ X there exists an irreducible
conic Cx,y contained in X and passing through x,y (see also [33], [25], [40]). Of course a
QEL-variety is a LQEL-variety and a LQEL-variety of type δ > 0 is a CC-variety, but the
converse implications are not true in general.
For X ⊂ Pn, with Sec(X) ( Pn and δ (X) > 0, define the nonnegative integer γ˜(X) as
the dimension of the general fiber of the Gauss map GWx,X : Wx,X 99K G(r− δ (X),n− r−
1), where x ∈ X is a general point; by [34, Lemma 2.3.4] we get γ˜(X) = γ(X)− δ (X).
A sufficient condition for X to be a LQEL-variety is that γ˜(X) = 0, this follows from the
so-called Scorza Lemma [34, Theorem 2.3.5].
Smooth LQEL-varieties of type δ ≥ 3 are subject to a strong numerical constraint given
by the Divisibility Theorem [33, Theorem 2.8], which states that, under these hypotheses,
we have
dim(X)≡ δ (X) mod 2⌊(δ (X)−1)/2⌋.
Severi varieties If the variety X ⊂ Pn is smooth and Sec(X)(Pn, by [40, II Corollary 2.11]
it follows n≥ (3r+4)/2 and X is called Severi variety if n = (3r+4)/2. Severi varieties are
classified, modulo projective transformations, in Table 1.1 (for the proof see [27] and [40]).
Severi varieties are also characterized in [14] as the only smooth and connected base loci of
dim(X) h0(IX (2)) X Lx,X
2 6 Veronese surface ν2(P2)⊂ P5 /0
4 9 Segre variety P2×P2 ⊂ P8 P1⊔P1 ⊂ P3
8 15 Grassmannian G(1,5)⊂ P14 P1×P3 ⊂ P7
16 27 Cartan variety E6 ⊂ P26 S10 ⊂ P15
Table 1.1 Severi varieties.
quadro-quadric Cremona transformations (i.e. birational transformations of Pn defined by
quadratic forms and having inverse of the same kind).
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2 Transformations of type (2,1)
Definition 2.1 A birational transformation ϕ :Pn 99K ϕ(Pn) = S⊂Pn+1 is said to be of type
(2,d) if it is quadratic (i.e. defined by a linear system of quadrics without fixed component)
and ϕ−1 can be defined by a linear system contained in |OS(d)|, with d minimal with this
property; ϕ is said to be special if its base locus is smooth and connected.
Lemma 2.2 Let ϕ : Pn 99K S ⊂ Pn+1 be a quadratic birational transformation, with base
locus B and image a normal nonlinear hypersurface S. Then h0(Pn,IB(2)) = n+2.
Proof Resolve the indeterminacies of ϕ with the diagram
X
pi
~~⑥⑥
⑥⑥
⑥⑥
⑥
pi ′

❄❄
❄❄
❄❄
❄❄
Pn
ϕ
//❴❴❴❴❴❴❴ S
(2.1)
where pi : X = BlB(Pn) → Pn is the blow-up of Pn along B, E the exceptional divisor,
pi ′ = ϕ ◦ pi. By Zariski’s Main Theorem ([21, III Corollary 11.4] or [31, III §9]) we have
pi ′∗(OX ) = OS and by projection formula [21, II Exercise 5.1] it follows pi ′∗(pi ′∗(OS(1))) =
OS(1). Now, putting V ⊆ H0(Pn,OPn(2)) the linear vector space associated to the linear
system σ defining ϕ , we have the natural inclusions
V →֒ H0(Pn,IB(2)) →֒ H0(X ,pi∗(OPn(2))⊗pi−1IB ·OX )
≃
→ H0(X ,pi∗(OPn(2))⊗OX(−E))
≃
→ H0(X ,pi ′∗(OS(1)))
≃
→ H0(S,OS(1))
≃
→ H0(Pn+1,OPn+1(1)).
All these inclusions are isomorphisms, since dim(V) = n+2 = h0(Pn+1,OPn+1(1)).
Proposition 2.3 Let ϕ ,B,S be as in Lemma 2.2. The following conditions are equivalent:
1. h0(Pn,IB(1)) 6= 0;
2. B is a quadric of codimension 2;
3. B is a complete intersection;
4. ϕ is of type (2,1).
If one of the previous conditions is satisfied, then S is a quadric and rk(B) = rk(S)−2.
Proof (1 ⇒ 2 and 3). If f ∈ H0(Pn,IB(1)) is a nonzero linear form, then the quadrics
x0 f , . . . ,xn f generate a subspace of codimension 1 of H0(Pn,IB(2)), by Lemma 2.2. Hence
there exists a quadric F such that H0(Pn,IB(2)) = 〈F,x0 f , . . . ,xn f 〉 and B = V (F, f ) ⊂
V ( f )⊂ Pn.
(2 ⇒ 1 and 4). B is necessarily degenerate and, modulo a change of coordinates on Pn, we
can suppose B=V (x20 + · · ·+ x2s ,xn), with s ≤ n−1. Hence
ϕ([x0, . . . ,xn]) = [x0xn, . . . ,x2n,x20 + · · ·+ x2s ] = [y0, . . . ,yn+1],
S =V (y20 + · · ·+ y2s − ynyn+1), ϕ−1([y0, . . . ,yn+1]) = [y0, . . . ,yn].
(4 ⇒ 2). We can suppose that ϕ−1 is the projection from the point [0, . . . ,0,1]. Thus, if
ϕ = (F0, . . . ,Fn+1), then F0, . . . ,Fn have a common factor f and B=V (Fn+1, f ).
(3⇒ 1). If h0(Pn,IB(1)) = 0 and B is a complete intersection, then every minimal system
of generators of the ideal of B consists of forms of degree 2, but then h0(Pn,IB(2)) =
n−dim(B)< n+2, absurd.
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From now on, unless otherwise specified and except in §8, we keep the following nota-
tion:
Notation 2.4 Let n ≥ 3 and ϕ : Pn 99K ϕ(Pn) = S ⊂ Pn+1 be a special birational transfor-
mation of type (2,d), with d ≥ 2 and with S a factorial hypersurface of degree ∆ ≥ 2 (in
particular, when ∆ = 2, it is enough to require rk(S)≥ 5). Observe that Pic(S) = Z〈OS(1)〉
(see [20, IV Corollary 3.2]) and ωreg(S) ≃ Oreg(S)(∆ −n−2). Moreover, denote by B⊂ Pn
and B′ ⊂ S⊂ Pn+1 respectively the base locus of ϕ and ϕ−1 and assume
(B′)red 6= (sing(S))red. (2.2)
Put r = dim(B), r′ = dim(B′), δ = δ (B) the secant defect, λ = deg(B), g = g(B) the sec-
tional genus, PB(t) the Hilbert polynomial, i(B) and c(B) respectively index and coindex
(when B is a Fano variety).
3 Properties of the base locus
Proposition 3.1 1. B is a QEL-variety of dimension and type given by
r =
d n−∆ −3d +3
2d−1 , δ =
n−2∆ −2d +4
2d−1 .
2. B′ is irreducible, generically reduced, of dimension
r′ =
2(d n−n+∆ −d−1)
2d−1 .
Proof See also [14, Proposition 2.1]. Consider the diagram (2.1), where pi : X =BlB(Pn)→
Pn and pi ′ = ϕ ◦pi. X can be identified with the graphic Graph(ϕ) ⊂ Pn ×S and the maps
pi, pi ′ can be identified with the projections onto the factors. It follows that (B)red (resp.
(B′)red) is the set of the points x such that the fiber pi−1(x) (resp. pi ′−1(x)) has positive
dimension. Denote by E the exceptional divisor of pi, E ′ = pi ′−1(B′), H ∈ |pi∗(OPn(1))|,
H ′ ∈ |pi ′∗(OS(1))| and note that, by the factoriality of S and by the proof of [14, Proposi-
tion 1.3], it follows that E ′ is an irreducible divisor, in particular B′ is irreducible. Moreover
we have the relations
H ∼ d H ′−E ′, H ′ ∼ 2H−E, (3.1)
from which we get
E ∼ (2d−1)H ′−2E ′, E ′ ∼ (2d−1)H−d E, (3.2)
and in particular by (3.2) it follows E ′ = (E ′)red. Put
U = reg (S)\ sing
((
B
′
)
red
)
, V = pi ′−1(U), Z =U ∩ (B′)red. (3.3)
Observe that, since X is smooth and we have assumed (2.2), we have Z 6= /0. Thus, by [14,
Theorem 1.1], pi ′|V : V →U coincides with the blow-up of U along Z; in particular
Pic(X) = Z〈H〉⊕Z〈E〉= Z〈H ′〉⊕Z〈E ′〉= Pic(V ).
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Now, by [21, II Exercise 8.5] and (3.1) and (3.2), we have
KX ∼ pi∗(KPn)+(codimPn(B)−1)E
∼ (−n−1)H +(n− r−1)E
∼ (−2d r+ r+d n−n−3d +1)H ′+(2r−n+3)E ′ (3.4)
and also
KX |V ∼ KV ∼ pi ′
∗
(Kreg(S)|U)+(codimU (Z)−1)E ′
∼ (deg(S)− (n+1)−1)H ′+(codimS(B′)−1)E ′
∼ (∆ −n−2)H ′+(n− r′−1)E ′. (3.5)
By the comparison of (3.4) and (3.5) we obtain the expressions of r = dim(B) and r′ =
dim(B′). Moreover, the proof of [14, Proposition 2.3(a),(b)] adapts to our case, producing
that the secant variety Sec(B) is a hypersurface of degree 2d − 1 in Pn and B is a QEL-
variety of type δ = n− r′− 2. Finally, we have B′ ∩U = (B′)red ∩U by the argument in
[14, §2.2].
Remark 3.2 Proceeding as above and interchanging the rules in (3.3) by
U = reg (S)\
(
B
′
)
red , V = pi
′−1(U), Z =U ∩ (B′)red = /0, (3.6)
we deduce that pi ′|V : V →U is an isomorphism and in particular Pic(V ) = pi ′∗(Pic(U)) =
Z〈H ′〉 and KV = pi ′∗(KU) = (∆ − n− 2)H ′. Now, by (3.4), KX |V = KV ∼ (−2d r + r +
d n− n− 3d + 1)H ′, and hence, also without to assume (2.2), we get the formula r =
(dn−∆ −3d +3)/(2d−1).
Lemma 3.3 is slightly stronger than what is obtained by applying directly the main result
in [3]. However it is essential to study B in the case δ = 0. Note that the assumptions on S
are not necessary.
Lemma 3.3 ([28]) For i > 0 and t ≥ n−2r−1 we have H i(Pn,IB,Pn(t)) = 0.
Proof The proof is located in [28, page 6], but we report it for the reader’s convenience. We
use the notation of the proof of Proposition 3.1. For i > 0 and t ≥ n−2r−1 we have
H i(Pn,IB,Pn(t)) = H i(Pn,OPn(t)⊗IB,Pn)
([3, page 592]) = H i(X , tH−E)
= H i(X ,KX +(tH−E−KX ))
= H i(X ,KX +(t +n+1)H +(r−n)E)
= H i(X ,KX +(n− r)(2H−E)+(t−n+2r+1)H)
([12, page 20]) = H i(X ,KX +(n− r)H ′︸ ︷︷ ︸
nef and big
+(t− (n−2r−1))H︸ ︷︷ ︸
nef︸ ︷︷ ︸
nef and big
)
(Kodaira Vanishing Theorem) = 0.
Proposition 3.4 1. B is nondegenerate and projectively normal.
2. If δ > 0, then either B is a Fano variety of the first species (that is with Pic(B) ≃
Z〈OB(1)〉) of index i(B) = (r+δ )/2, or it is a hyperplane section of the Segre variety
P2×P2 ⊂ P8.
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3. If δ > 0 and B is not a hyperplane section of P2 × P2 ⊂ P8, putting i = i(B) and
P(t) = PB(t), we have
P(0) = 1, P(1) = n+1, P(2) =
(
n2 +n−2
)
/2,
P(−1) = P(−2) = · · ·= P(−i+1) = 0,
∀ t P(t) = (−1)rP(−t− i).
In particular, if c(B) = r+1− i ≤ 5, it remains determined P(t).
4. Hypothesis as in part 3. We have
hi(B,OB(t)) =


0 if i = 0, t < 0
P(t) if i = 0, t ≥ 0
0 if 0 < i < r, t ∈ Z
(−1)rP(t) if i = r, t < 0
0 if i = r, t ≥ 0
Proof (1) B is nondegenerate by Proposition 2.3. B is projectively normal if and only if
h1(Pn,IB,Pn(k)) = 0 for every k ≥ 1, and this, by Lemma 3.3, is true whenever 1 ≥ n−
2r−1, i.e. whenever δ ≥ 0. Note that for δ > 0 the thesis follows also from [3, Corollary 2].
(2) We know that B is a QEL-variety of type δ > 0. If δ ≥ 3 the thesis is contained in [33,
Theorem 2.3]; for 0 < δ ≤ 2 we apply [25, Theorem 2.2]. Thus we have that B is a Fano
variety with Pic(B)≃ Z〈OB(1)〉, or B is one of the following:
1. a rational normal scroll,
2. a hyperplane section of P2×P2 ⊂ P8,
3. P2×P3 ⊂ P11.
This follows only by imposing that the pair (r,n) corresponds to that of a variety listed
in [25, Theorem 2.2]. Of course case 3 is impossible because h0(P11,IB(2)) = 13 while
h0(P11,IP2×P3(2)) = 18. Finally, if B is as in case 1, since B is smooth and n ≥ 2r + 1,
we get dim(Sec(B)) = 2r + 1 (see for example [34, Proposition 1.5.3]) and hence δ = 0
(reasoning on the number of quadrics also it results r = 1, n = 4, d = 2, ∆ = 2).
(3) By Lemma 3.3 we have h j(Pn,IB,Pn(k)) = 0, for every j > 0, k ≥ 1− δ , and by the
structural sequence we get h j(B,OB(k)) = 0, for every j > 0, k ≥ 1−δ . Hence, by δ > 0,
it follows
P(0) = h0(B,OB) = 1,
P(1) = h0(B,OB(1)) = h0(Pn,OPn(1)) = n+1,
P(2) = h0(Pn,OPn(2))−h0(Pn,IB,Pn(2)) =
(
n2 +n−2
)
/2.
Moreover, if t < 0, by Kodaira Vanishing Theorem and Serre Duality,
P(t) = (−1)rhr(B,OB(t)) = (−1)rh0(B,OB(−t− i)),
and hence for −i < t < 0 we have P(t) = 0 and for t ≤ −i (hence for every t) we have
P(t) = (−1)rP(−t− i). In particular
P(−i) = (−1)r, P(−i−1) = (−1)r(n+1), P(−i−2) = (−1)r
(
n2 +n−2
)
/2,
and we have at least i+5 independent conditions for P(t).
(4) As the part (3).
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Proposition 3.5 1. If d is even and ∆ = 2 , then δ ∈ {0,1,3,7}, r = dδ + d − 1, n =
(2d−1)δ +2d.
2. If d, ∆ are both odd, then δ = 0, r = ∆ +d−3, n = 2(∆ +d−2).
Proof (1) By [33, Theorem 2.8], for δ ≥ 3, we have r ≡ δ mod 2⌊(δ−1)/2⌋, i.e.
∆ −2+(d−1)(δ +1) ≡ 0 mod 2⌊(δ−1)/2⌋. (3.7)
If d is even and ∆ = 2, then (3.7) becomes δ +1 ≡ 0 mod 2⌊(δ−1)/2⌋ and we conclude that
δ ∈ {0,1,2,3,7}. Moreover, if δ = 2, by Proposition 3.4 we would get the contradiction
that B is a Fano variety with
2i(B) = r+δ = ∆ +(d +1)δ +d−3 ≡ 1 mod 2. (3.8)
(2) If δ > 0, by Proposition 3.4 we would get again the contradiction that B is a Fano variety
and holds (3.8). Thus δ = 0 and there follow the expressions of r and n by Proposition 3.1.
4 Examples
The calculations in the following examples can be verified using [16] or [39].
Example 4.1 (∆ = 2, d = 2) Let ψ : Pn+1 99K Pn+1 be a Cremona transformation of type
(2,2). If H ≃ Pn ⊂ Pn+1 is a general hyperplane, then Q := ψ(H) ⊂ Pn+1 is a quadric
hypersurface and the restriction ψ |H : Pn 99K Q ⊂ Pn+1 is a birational transformation of
type (2,2), with base locus Bs(ψ |H) = Bs(ψ)∩H. If ψ is special, i.e. if its base locus is a
Severi variety, then also ψ |H is special and moreover it is possible to verify that the quadric
Q is smooth, for example by determining explicitly the equation.
Example 4.2 (∆ = 2, d = 3, δ = 0) We construct the Edge variety X of dimension 3 and
degree 7 (see also [13] and [9, Example 2.4]). Consider the Segre variety S1,3 =P1×P3 ⊂P7
and choose coordinates x0, . . . ,x7 on P7 such that the equations of S1,3 in P7 are given by
Q0 =−x1x4 + x0x5, Q1 =−x2x4 + x0x6, Q2 =−x3x4 + x0x7,
Q3 =−x2x5 + x1x6, Q4 =−x3x5 + x1x7, Q5 =−x3x6 + x2x7.
Take a general quadric V (Q) containing the linear space P = V (x0,x1,x2,x3) ⊂ S1,3, i.e.
Q = ∑bi jxix j, for suitable coefficients bi j ∈ C, with i ≤ j, 0 ≤ i ≤ 3 and 0 ≤ j ≤ 7. The
intersection Y = S1,3 ∩V (Q) is an equidimensional variety of dimension 3 that has P as
irreducible component of multiplicity 1. Hence it defines a variety X of dimension 3 and
degree 7 such that Y = P∪X and P*X . Since we are interested in Y and not in Q, we
can suppose b14 = b24 = b34 = b25 = b35 = b36 = 0. Thus it is easy to verify that X is the
scheme-theoretic intersection of Y with the quadric V (Q′), where
Q′ = b37x27 +b27x6x7 +b17x5x7 +b07x4x7 +b33x3x7 +b26x26 +b16x5x6 +
+ b06x4x6 +b23x3x6 +b22x2x6 +b15x25 +b05x4x5 +b13x3x5 +b12x2x5 +
+ b11x1x5 +b04x24 +b03x3x4 +b02x2x4 +b01x1x4 +b00x0x4.
The rational map ψ : P7 99K P7, defined by ψ([x0, . . . ,x7]) = [Q0, . . . ,Q5,Q,Q′], has image
the rank 6 quadric Q=V (y0y5−y1y4+y2y3) and the closure of its general fiber is a P1 ⊂ P6.
Hence restricting ψ to a general P6 ⊂ P7, we get a birational transformation P6 99K Q⊂ P7.
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Example 4.3 Continuing with the Example 4.2, we set b00 = b07 = b15 = b16 = b22 = b33 =
1 and for all the other indices bi j = 0. Substitute in the quadrics Q0, . . . ,Q5,Q,Q′ instead of
the variable x7 the variable x0, i.e. we consider the intersection of X with the hyperplane
V (x7−x0). Denote by X ⊂ P6 the scheme so obtained. X is irreducible, smooth, it is defined
by the 8 independent quadrics:
x3x6− x0x2, x5x6 + x2x6 + x
2
5 +2x0x4 + x0x3, x3x5− x0x1, x2x5− x1x6,
x3x4− x
2
0, x2x4− x0x6, x1x4− x0x5, x1x6 + x1x5 + x
2
3 + x
2
2 +2x20,
(4.1)
and its Hilbert polynomial is PX (t) = (7t2 +5t +2)/2. The quadrics (4.1) define a birational
map ψ : P6 99K Q ⊂ P7 into the quadric Q = V (y0y6− y2y5 + y3y4) and the inverse of ψ is
defined by the cubics:
y0y5y7− y1y4y7 + y1y2y6 + y0y1y6 + y2y3y5 + y0y3y5 + y22y4 + y0y2y4,
−y6y27−2y4y6y7− y3y6y7 + y0y3y7− y1y2y7 +2y2y26 +2y0y26 + y2y23 + y0y23 + y32 + y0y22,
−y5y27−2y4y5y7− y3y5y7− y0y1y7 +2y2y5y6 +2y0y5y6− y1y2y3− y0y1y3 + y0y22 + y20y2,
−y4y27 + y0y6y7− y2y5y7−2y24y7− y20y7 +2y2y4y6 +2y0y4y6− y0y2y3− y20y3− y1y22− y0y1y2,
−y25y7− y
2
4y7− y1y26− y3y5y6− y1y5y6− y2y4y6−2y4y25− y3y25− y2y4y5−2y34− y21y4− y20y4,
−y1y6y7− y3y5y7− y2y4y7− y1y3y6 + y0y2y6−2y2y25− y23y5− y22y5−2y2y24− y21y2− y20y2,
−y1y5y7− y0y4y7 + y1y3y6− y0y2y6−2y0y25 + y23y5 + y22y5−2y0y24− y0y21− y30.(4.2)
The base locus Y ⊂ Q ⊂ P7 of ψ−1 is obtained by intersecting the scheme defined by (4.2)
with the quadric Q. Y is irreducible with Hilbert polynomial PY (t) = (9t4 + 38t3 + 63t2 +
58t +24)/4! and its singular locus has dimension 0.
Example 4.4 (∆ = 2, d = 4, δ = 0) Using a known construction (see [40, IV Theorem 4.5])
we can determine the equations of the spinorial variety S10 ⊂ P15, which are:
x7x8− x6x9 + x5x10− x3x15, x1x6 + x4x7− x2x10 + x3x13,
−x4x5 + x0x6− x2x8 + x3x11, x9x11− x8x12 + x5x14− x0x15,
x10x12− x9x13 + x7x14 + x1x15, −x1x11− x4x12 + x0x13− x2x14,
x10x11− x8x13 + x6x14− x4x15, x1x5 + x0x7− x2x9 + x3x12,
−x7x11 + x6x12− x5x13 + x2x15, x1x8 + x4x9− x0x10 + x3x14.
(4.3)
The 10 quadrics (4.3) define a rational map ψ : P15 99K P9, with base locus S10 and image
in P9 the smooth quadric
Q =V (y8y9− y6y7− y0y5 + y2y4 + y1y3).
By [14, page 798] the closure of the general fiber of ψ is a P7 ⊂P15 and hence, by restricting
ψ to a general P8 ⊂ P15, we get a special birational transformation P8 99K Q (necessarily of
type (2,4), by Remark 3.2).
Example 4.5 (∆ = 3, d = 3) Let u : P3 ≃99K Q = V (u0 u4 − u21 − u22 − u23) ⊂ P4 be defined
by u([z0,z1,z2,z3]) = [z20,z0z1,z0z2,z0z3,z21 + z22 + z23]. Consider the composition v0 : P3
u
99K
P4
ν2−→ P14 99K P13, where ν2 is the Veronese map (with lexicographic order) and the last
map is the projection onto the hyperplane V (v4) ≃ P13 ⊂ P14. The map v0 parameterizes a
nondegenerate variety in P13, of degree 16 and isomorphic to the quadric Q. Take the point
p1 = [1,0,0,0] ∈ P3 and consider the composition v1 : P3
v0
99K P13
pi1
99K P12, where pi1 is the
projection from the point v0(p1) (precisely, if j is the index of the last nonzero coordinate of
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v0(p1), we exchange the coordinates v j, v13 and we project onto the hyperplane V (v13) from
the point v0(p1)). Repeat the construction with the points p2 = [0,0,0,1], p3 = [1,0,0,1],
p4 = [0,1,0,1], p5 = [0,0,1,1], obtaining the maps v2 : P3 99K P11, v3 : P3 99K P10, v4 :
P3 99K P9, v5 : P3 99K P8. The map v5 is given by
v5([z0,z1,z2,z3]) = [z0 z
3
3− z
2
0 z
2
3 + z0 z
2
2 z3 + z0 z
2
1 z3, −z0 z1 z
2
3− z0 z1 z
2
2− z0 z
3
1 + z
3
0 z1,
−z0 z2 z
2
3− z0 z
3
2− z0 z
2
1 z2 + z
3
0 z2, z
3
0 z3− z
2
0 z
2
3,
−z0 z1 z
2
3− z0 z1 z
2
2− z0 z
3
1 + z
2
0 z
2
1, z
2
0 z1 z2, z
2
0 z1 z3, z
2
0 z2 z3,
−z0 z2 z
2
3− z0 z
3
2 + z
2
0 z
2
2− z0 z
2
1 z2]
and parameterizes the smooth variety X ⊂ P8 defined by the 10 independent quadrics:
x5 x8− x4 x8 + x1 x8− x4 x7 + x5 x6 + x2 x6 + x
2
5 + x4 x5− x3 x5− x2 x5,
x5 x8− x4 x8− x4 x7 + x5 x6 + x2 x6 + x
2
5 + x4 x5− x3 x5− x1 x5 + x2 x4,
−x7 x8− x0 x8− x27 + x3 x7− x5 x6 + x0 x2,
x6 x8− x4 x7 + x
2
6 + x5 x6 + x4 x6− x1 x6− x0 x6 + x3 x4,
x6 x7 + x4 x7− x5 x6− x2 x6 + x3 x5,
x7 x8 + x3 x8 + x
2
7− x2 x7− x0 x7 + x5 x6,
x1 x7− x2 x6,
x5 x7 + x
2
6 + x4 x6− x1 x6− x0 x6 + x3 x4,
x2 x6− x3 x5 + x0 x5,
x3 x6− x1 x6− x0 x6 + x3 x4− x0 x4 + x0 x1.
(4.4)
The quadrics (4.4) define a special birational transformation ψ : P8 99K S⊂ P9 of type (2,3)
into the cubic S⊂ P9 defined by
−y7 y8 y9 + y6 y8 y9 + y3 y8 y9 + y27 y9− y6 y7 y9−2y3 y7 y9− y2 y7 y9+
+y0 y7 y9 + y4 y6 y9 + y3 y6 y9− y4 y5 y9− y1 y5 y9− y24 y9− y0 y4 y9+
+y23 y9 + y2 y3 y9− y0 y3 y9 + y7 y
2
8− y3 y
2
8− y6 y7 y8 +2y4 y7 y8+
+y3 y7 y8− y2 y7 y8− y4 y6 y8 + y2 y6 y8− y0 y6 y8 + y4 y5 y8 + y0 y5 y8+
−3y3 y4 y8− y1 y4 y8 + y0 y4 y8− y23 y8 + y2 y3 y8− y1 y3 y8 + y5 y27+
+y2 y27 + y1 y
2
7− y0 y
2
7 + y
2
6 y7 + y3 y6 y7 + y0 y6 y7− y3 y5 y7+
+y1 y5 y7− y2 y3 y7− y1 y3 y7 + y0 y3 y7 + y0 y2 y7− y4 y26− y3 y
2
6+
−y3 y5 y6− y3 y4 y6− y0 y4 y6− y23 y6− y0 y3 y6− y1 y2 y6 + y24 y5+
+y3 y4 y5 + y0 y4 y5 + y2 y24− y1 y
2
4 + y0 y
2
4 + y2 y3 y4− y1 y3 y4+
+y0 y3 y4 + y1 y2 y4.
(4.5)
The singular locus of S has dimension 3, from which it follows the factoriality of S (see [18,
XI Corollaire 3.14]).
Example 4.6 (∆ = 4, d = 2, δ = 0) This is an example for which (2.2) is not satisfied;
essentially, it gives an example for case (ii) of Proposition 6.4. Consider the irreducible
smooth 3-fold X ⊂ P8 defined as the intersection of P2×P2 ⊂ P8, which is defined by
x5x7− x4x8, x2x7− x1x8, x5x6− x3x8, x4x6− x3x7, x2x6− x0x8,
x1x6− x0x7, x2x4− x1x5, x2x3− x0x5, x1x3− x0x4,
(4.6)
with the quadric hypersurface defined by:
2x20 +3x21 +5x22 + x23 + x24 + x25 +5x26 +3x27 +2x28. (4.7)
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Thus X is defined by 10 quadrics and we can consider the associated rational map ψ :P8 99K
S = ψ(P8)⊂ P9. We have that S is the quartic hypersurface defined by:
2y21y22 +3y21y23−4y0y1y2y4 +2y20y24 +5y23y24−6y0y1y3y5−10y2y3y4y5 +3y20y25
+5y22y25 + y22y26 + y23y26 +5y24y26 +3y25y26−2y0y2y6y7−10y1y4y6y7 + y20y27
+5y21y27 + y23y27 +2y25y27−2y0y3y6y8−6y1y5y6y8−2y2y3y7y8−4y4y5y7y8 + y20y28
+3y21y28 + y22y28 +2y24y28− y3y4y6y9 + y2y5y6y9 + y1y3y7y9− y0y5y7y9− y1y2y8y9
+y0y4y8y9,
(4.8)
and ψ is birational with inverse defined by:
y5y7− y4y8, y5y6− y1y8, y4y6− y1y7, y3y7− y2y8, y3y6− y0y8,
y2y6− y0y7, y3y4− y2y5, y1y3− y0y5, y1y2− y0y4.
(4.9)
Moreover X is a Mukai variety of degree 12, sectional genus 7 and Betti numbers b2 = 2,
b3 = 18. The secant variety Sec(X) is a cubic hypersurface and for the general point p ∈
Sec(X) there are two secant lines of X through p. Finally, denoting by Y ⊂ S the base locus
of ψ−1, we have dim(Y ) = 5, dim(sing(Y)) = 0 and Y = (Y)red = (sing(S))red.
5 Transformations of type (2,2) into a quadric
Theorem 5.1 If ∆ = 2, ϕ : Pn 99K Q := S⊂ Pn+1 is of type (2,2) and Q is smooth, then B
is a hyperplane section of a Severi variety.
Proof By Proposition 3.5 part 1 we get δ ∈ {0,1,3,7}. If δ = 0, we have r = 1, n= 4 and the
thesis follows from Proposition 8.5. Alternatively, we can apply Lemma 3.3 to determine the
Hilbert polynomial of the curve B. If δ = 1, we have r = 3, n= 7 and, by Proposition 3.4 part
2, B is a hyperplane section of the Segre variety P2×P2 ⊂ P8, or it is a Fano variety of the
first species of index i(B) = r−1. The latter case cannot occur by the classification of Del
Pezzo varieties in [15, I §8]. If δ = 3, we have r = 7, n = 13 and B is a Mukai variety of the
first species. By Proposition 3.4 part 3, we can determine the Hilbert polynomial of B and in
particular to get that the sectional genus is g= 8. Hence, applying the classification of Mukai
varieties in [30], we get that B is a hyperplane section of the Grassmannian G(1,5) ⊂ P14.
Now, suppose δ = 7 and hence r = 15, n = 25, r′ = 16. Keep the notation as in the proof of
Proposition 3.1 and put Y = (B′)red. We shall show that B⊂ P25 is a hyperplane section of
E6 ⊂ P26 in several steps.
Claim 5.1 pi ′(E) = (Sec(B′)∩Q)red = (Sec(Y)∩Q)red and for the general point p∈ pi ′(E)
the entry locus Σp(B′) is a quadric of dimension 8.
Proof (of the Claim) See also [14, Proposition 2.3]. If x∈B is a point, then pi ′(pi−1(x))≃P9
and by the relations (3.2) we get that pi ′(pi−1(x))∩B′ is a quadric hypersurface in P9. Then,
for every point p ∈ pi ′(pi−1(x)) \B′, every line contained in pi ′(pi−1(x)) and through p is a
secant line of B′ and therefore it is contained in Lp(B′). Thus
pi ′(pi−1(x))⊆ Lp(B′)⊆ Sec(B′)∩Q
and varying x ∈B we get
pi ′(E) =
⋃
x∈B
pi ′(pi−1(x))⊆ Sec(B′)∩Q. (5.1)
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Conversely, if p ∈ Sec(B′)∩Q\B′, then every secant line l of B′ through p is contained
in Q and ϕ−1(l) = ϕ−1(p) =: x. Hence the strict transform l˜ = pi ′−1(l \B′) is contained in
pi−1(x)⊆ E and then l is contained in pi ′(pi−1(x))⊆ pi ′(E). Thus
Lp(B′)⊆ pi ′(pi−1(x))⊆ pi ′(E)
and varying p (since p lies on at least a secant line of B′) we get(
Sec(B′)∩Q)
red = (Sec(B′)∩Q\B′)red ⊆ pi ′(E). (5.2)
The conclusion follows from (5.1) and (5.2) and by observing that, since B′ is irreducible
and generically reduced, we have (Sec(B′))red = Sec(Y ).
Claim 5.2 For the general point x ∈B, τx,B(B) =Wx,B ≃ Σp(B′), with p general point in
pi ′(pi−1(x)).
Proof (of the Claim) See also [28, Theorem 1.4]. The projective space P9 ⊂ P25 skew to
Tx(B) (i.e. the codomain of τx,B) identifies with pi−1(x) = P(N ∗x,B). For z ∈B\Tx(B), the
line l = 〈z,x〉 corresponds to a point w ∈ pi−1(x) = P(N ∗x,B). Moreover pi ′(w) = ϕ(l) ∈B′
and τx,B(z) = τx,B(l) = w, so that pi ′(w) ∈ pi ′(pi−1(x))∩B′ and hence Wx,B identifies with
an irreducible component of pi ′(pi−1(x))∩B′. Since Wx,B is a nondegenerate hypersurface
in P(N ∗x,B) (see [34, Proposition 1.3.8]), we have
Wx,B ≃ pi ′(pi−1(x))∩B′ ⊂ pi ′(pi−1(x))≃ P9. (5.3)
Claim 5.3 For the general point x ∈B, Wx,B ⊂ P9 is a smooth quadric hypersurface.
Proof (of the Claim) By [33, Theorem 2.3] it follows that Lx,B ⊂ P14 is a smooth QEL-
variety of dimension dim(Lx,B) = 9 and of type δ (Lx,B) = 5. So, applying [33, Corol-
lary 3.1], we get that Lx,B ⊂ P14 is projectively equivalent to a hyperplane section of the
spinorial variety S10. Hence, by [34, Proposition 2.3.2] and Example 4.4, it follows that
Wx,B ⊂ P9 is a smooth quadric of dimension r−δ = 8.
Summing up the previous claims, we obtain that for the general point p ∈ pi ′(E) \Y the
entry locus Σp(B′) is a smooth quadric; moreover, one can be easily convinced that we
also have Σp(B′) = Lp(B′)∩B′ = Lp(B′)∩Y = Lp(Y )∩Y = Σp(Y ). Now, by the proof
of Proposition 3.1, it follows that pi ′(E) is a reduced and irreducible divisor in |OQ(3)| and,
since pi ′(E) = (Sec(Y)∩Q)red, we have that Sec(Y ) is a hypersurface of degree a multiple of
3. In particular Y ⊂ P26 is an irreducible nondegenerate variety with secant defect δ (Y) = 8.
Note also that Y is different from a cone: if z0 is a vertex of Y , since IB′ ,P26 ⊆ IY,P26 , we have
that z0 is a vertex of every quadric defining B′, in particular z0 is a vertex of B′ and Q; then,
for a general point z ∈ Q, we have 〈z,z0〉 ⊆ (ϕ−1)−1(ϕ−1(z)), against the birationality of
ϕ−1.
Claim 5.4 Y is a QEL-variety.
Proof (of the Claim) Consider the rational map ψ : Sec(Y) 99K P26, defined by the linear
system |IB′,P26(2)| restricted to Sec(Y). Since ψ(Sec(Y )∩Q) = ϕ−1(pi ′(E)) =B and the
image of ψ is of course nondegenerate, it follows that the dimension of the image of ψ is at
least 16 and hence that the dimension of its general fiber is at most 9. Now, if q∈ Sec(Y)\Y
is a general point, denote by ˜ψ−1(ψ(q)) the irreducible component of ψ−1(ψ(q)) through
14 G. Stagliano`
q and by Σ˜q(Y) an any irreducible component of Σq(Y); note that, from generic smoothness
[21, III Corollary 10.7], it follows that ψ−1(ψ(q)) (and at fortiori ˜ψ−1(ψ(q))) is smooth
in its general point q. We have S(q, Σ˜q(Y)) ⊆ ˜ψ−1(ψ(q)), and since dim(Σ˜q(Y )) = 8, it
follows S(q, Σ˜q(Y)) = ˜ψ−1(ψ(q)). Thus the cone S(q, Σ˜q(Y)) is smooth in its vertex and
necessarily it follows S(q, Σ˜q(Y)) = P9 and 〈Σq(Y)〉= P9. Finally, by Trisecant Lemma [34,
Proposition 1.3.3], it follows that Σq(Y) ⊂ P9 is a quadric hypersurface.
Claim 5.5 γ˜(Y) = 0.
Proof (of the Claim) We first show that for the general point q ∈ Sec(Y )\Y the entry locus
Σq(Y ) is smooth, by discussing two cases:
Case 5.1 (Suppose pi ′(E) * sing(Sec(Y ))) Denote by Hilb(Y ) the Hilbert scheme of 8-
dimensional quadrics contained in Y and by V a nonempty open set of Sec(Y )\Y such that
for every q∈V we have Σq(Y )∈Hilb(Y ). If ρ : Y ×
(
Y ×P26
)
−→Y ×P26 is the projection,
at the closed subscheme of Y ×V ,
ρ
(
{(w,z,q) ∈ Y ×Y ×P26 : w 6= z and q ∈ 〈w,z〉}
)
∩Y ×V = {(z,q) ∈ Y ×V : z ∈ Σq(Y )},
corresponds a rational map ν : Sec(Y ) 99K Hilb(Y ) which sends the point q ∈ V to the
quadric ν(q) = Σq(Y); denote by Dom(ν) the largest open set of Sec(Y ) where ν can be
defined. By assumption we have D′ := pi ′(E)∩ reg(Sec(Y)) 6= /0. It follows that the rational
map ν ′ := ν |reg(Sec(Y)) : reg(Sec(Y )) 99K Hilb(Y), having indeterminacy locus of codimen-
sion ≥ 2, is defined in the general point of D′, i.e.
/0 6= Dom(ν ′)∩D′ = Dom(ν)∩pi ′(E)∩ reg(Sec(Y ))⊆Dom(ν)∩pi ′(E). (5.4)
Now, consider the natural map ρ : Hilb(Y) −→ G(9,26), defined by ρ(Q) = 〈Q〉 and the
closed subset C := {(q,L) ∈ P26×G(9,26) : q ∈ L} of P26×G(9,26). We have(
(IdP26 ×ρ)
−1 (C)∩Dom(ν)×Hilb(Y )
)⋂
Graph(ν : Dom(ν)→ Hilb(Y))
= {(q,Q) ∈ Dom(ν)×Hilb(Y) : Q = ν(q) and q ∈ 〈Q〉}
≃ {q ∈ Dom(ν) : q ∈ 〈ν(q)〉}=: T,
from which it follows that the set T is closed in Dom(ν) and, since Dom(ν) ⊇ T ⊇ V , we
have
Dom(ν) = T = T = {q ∈ Dom(ν) : q ∈ 〈ν(q)〉} . (5.5)
By (5.4) and (5.5) it follows that, for the general point p ∈ pi ′(E) \Y , we have p ∈ 〈ν(p)〉,
hence 〈ν(p)〉 ⊆ Lp(Y ) and then ν(p) = Σp(Y). Thus ν(Dom(ν)) intersects the open U(Y )
of Hilb(Y) consisting of the smooth 8-dimensional quadrics contained in Y and then, for a
general point q in the nonempty open set ν |−1Dom(ν)(U(Y)), the entry locus Σq(Y) is a smooth
8-dimensional quadric.
Case 5.2 (Suppose pi ′(E)⊆ sing(Sec(Y ))) 1 Let z∈Y be a general point, τz,Y : Y 99KWz,Y ⊂
P9 the tangential projection (note that Wz,Y is a nonlinear hypersurface, by [34, Proposi-
tion 1.3.8]) and let q ∈ Sec(Y )\Y be a general point. Arguing as in [7, Claim 8.8] we obtain
1 Note that this is the only place in the proof where we use the smoothness of Q. Note also that this case
does not arise if one first shows that deg(Sec(Y )) = 3. Indeed, let C ⊂ PN be a cubic hypersurface and D⊂C
an irreducible divisor contained in sing(C ). Then, for a general plane P2 ⊂ PN , putting C = C ∩P2 and
Λ = D∩P2, we have Λ ⊆ sing(C). Hence, by Be´zout’s Theorem, being C a plane cubic curve, it follows
deg(D) = #(Λ ) = 1.
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that Tz(Y )∩Lq(Y) = Tz(Y )∩〈Σq(Y)〉= /0, so we deduce that τz,Y isomorphically maps Σq(Y)
to Wz,Y . From this and Terracini Lemma it follows that
Sec(Y ) = S(Σq(Y ),Y) :=
⋃
(z1 ,z2)∈Σq(Y )×Y
z1 6=z2
〈z1,z2〉. (5.6)
Now suppose by contradiction that there exists w∈Vert(Σq(Y )). By (5.6) it follows that w∈
Vert(Sec(Y)) and by assumption we obtain pi ′(E)⊆ S(w,pi ′(E))⊆ sing(Sec(Y )). Thus w ∈
Vert(pi ′(E)) and hence Tw(pi ′(E)) = P26. This yields that Q is singular in w, a contradiction.
Finally, since for general points z ∈ Y and q ∈ Sec(Y) \Y , we have Wz,Y = τz(Y ) ≃ Σq(Y)
and Σq(Y) is a smooth quadric, we deduce that Wz,Y is smooth. It follows that the Gauss
map GWz,Y : Wz,Y 99K G(8,9) =
(
P9
)∗ is birational onto its image (see [40]) and hence the
dimension of its general fiber is γ˜(Y ) = γ(Y)−δ (Y) = 0.
Now, consider two general points z1,z2 ∈ Y (z1 6= z2), a general point q ∈ 〈z1,z2〉 and put
Σq = Σq(Y ), Lq = Lq(Y), Hq = Tq(Sec(Y )). Let piLq : Y 99K P16 be the linear projection
from Lq and H ′q ≃ P25 ⊂ P16 the projection of Hq from Lq. We note that, by the proof
of the Scorza Lemma in [34], it follows that Σq = τ−1z1,Y (τz1,Y (z2)) and, since the image of
the general tangential projection is smooth of dimension 8 and the general entry locus is
smooth of dimension 8 = dim(Y )−dim(Wz1,Y ), it follows that Y is smooth along Σq(Y). In
particular, it follows that Hq is tangent to Y along Σq.
Claim 5.6 piLq is birational.
Proof (of the Claim) See also [34, Proposition 3.3.14]. By the generality of the points
z1,z2,q it follows
Lq = 〈Tz1(Y),z2〉∩ 〈Tz2(Y),z1〉. (5.7)
The projection from the linear space 〈Tz1(Y),z2〉 can be obtained as the composition of the
tangential projection τz1,Y : Y 99K Wz1,Y ⊂ P9 and of the projection of Wz1,Y from the point
τz1,Y (z2). Thus the projection from 〈Tz1(Y ),z2〉, piz1,z2 : Y 99K P8 is dominant and for the
general point z ∈ Y we get
〈Tz1(Y ),z2,z〉∩Y \ 〈Tz1(Y),z2〉= pi
−1
z1,z2
(piz1,z2(z)) = Qz1,z \ 〈Tz1(Y ),z2〉, (5.8)
where Qz1,z denotes the entry locus of Y with respect to a general point on 〈z1,z〉. Similarly
〈Tz2(Y ),z1,z〉∩Y \ 〈Tz2(Y ),z1〉= pi
−1
z2,z1
(piz2,z1(z)) = Qz2,z \ 〈Tz2(Y ),z1〉. (5.9)
Now pi−1Lq (piLq (z)) = 〈Lq,z〉∩Y \Σq and, by the generality of z,
pi−1Lq (piLq (z)) = 〈Lq,z〉∩Y \Hq. (5.10)
By (5.7), (5.8), (5.9) and (5.10) and observing that the spaces 〈Tz1(Y ),z2〉, 〈Tz2(Y ),z1〉 are
contained in Hq, it follows
{z} ⊆ pi−1Lq (piLq (z))⊆ Qz1,z∩Qz2,z. (5.11)
Finally, as we have already observed in Claim 5.5, the restriction of the tangential projection
τz1,Y to Qz2,z is an isomorphism τ¯ := (τz1,Y )|Qz2 ,z : Qz2,z →Wz1,Y ; hence
{z}= τ¯−1(τ¯(z)) = τ−1z1,Y (τz1,Y (z))∩Qz2,z = Qz1,z∩Qz2,z. (5.12)
By (5.11) and (5.12), it follows pi−1Lq (piLq(z)) = {z} and hence the birationality of piLq .
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Claim 5.7 piLq induces an isomorphism Y \Hq
≃
−→ P16 \H ′q.
Proof (of the Claim) We resolve the indeterminacies of piLq with the diagram
BlΣq(Y)
α
||②②
②②
②②
②②
② piLq
##●
●●
●●
●●
●
Y
piLq
//❴❴❴❴❴❴❴❴❴ P16
The morphism piLq is projective and birational and hence surjective. Moreover, the points
of the base locus of pi−1Lq are the points for which the fiber of piLq has positive dimension.
Since Hq ⊇ Lq and Hq ∩Y = pi−1Lq (H
′
q), in order to prove the assertion, it suffices to show
that, for every w∈ P16 \H ′q, dim
(
piLq
−1
(w)
)
= 0. Suppose by contradiction that there exists
w∈ P16 \H ′q such that Z := piLq
−1
(w) has positive dimension. Then, for the choice of Hq, we
have /0 = Z∩α−1(Hq∩Y)⊇ Z∩α−1(Σq) and therefore α(Z) contains an irreducible curve
C with piLq (C) = w and C∩Lq = /0, against the fact that a linear projection, when is defined
everywhere, is a finite morphism.
Claim 5.8 Y is smooth.
Proof (of the Claim) Suppose that there exists a point z0 with
z0 ∈
⋂
q∈Sec(Y )
generale
Tq (Sec(Y))∩Y =
⋂
q∈Sec(Y)
Tq (Sec(Y ))∩Y = Vert(Sec(Y ))∩Y.
If z ∈ Y is a general point, since Y is not a cone, the tangential projection τz,Y is defined in
z0 and it follows that τz,Y (z0) is a vertex of Wz,Y . This contradicts Claim 5.5 and hence we
have
⋂
q∈Sec(Y )
generale
Tq (Sec(Y ))∩Y = /0, from which we conclude by Claim 5.7.
Now we can conclude the proof of Theorem 5.1. By Claim 5.8 it follows that Y ⊂ P26 is
a Severi variety, so by their classification (see Table 1.1 or directly [40, IV Theorem 4.7])
it follows that Y = E6; moreover, since 27 = h0(P26,IB′,P26(2)) ≤ h0(P26,IY,P26(2)) =
27, we have Y =B′. Now, by the classification of the special Cremona transformations of
type (2,2) in [14, Theorem 2.6] (or also by a direct calculation), it follows that the lifting
ψ : P26 99K P26 of ϕ−1 : Q 99K P25 =: H ⊂ P26 is a birational transformation of type (2,2)
and therefore the base locus B̂⊂ P26 of the inverse of ψ is again the variety E6. Of course
B̂∩H =B and hence the thesis.
Remark 5.2 We observe that from Claim 5.5 and [7, Proposition 5.13] it follows that Y is a
R1-variety and hence by [7, Theorem 8.7] it follows Claim 5.8.
Remark 5.3 Note that the proof of Theorem 5.1 could be simplified if one had shown a
priori that the map ϕ : Pn 99K Pn+1 is the restriction of a birational map ϕ̂ : Pn+1 99K Pn+1
of type (2,2). In fact, if it were the case, denoting by B̂ the base locus of ϕ̂ , one could
deduce that:
– sing(B̂) is a finite set (otherwise the very ample divisor B of B̂ would intersect an
irreducible curve contained in sing(B̂) and then B would be singular, see [12]);
– B̂ cannot be a cone (this follows by the birationality of ϕ̂).
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Thus, restricting ϕ̂ to a general hyperplane, we get a special quadratic birational transfor-
mation into a general quadric containing B′, for which B would be a general hyperplane
section of B̂; in particular γ˜(B)≥ γ˜(B̂) ≥ 0. Now, as in Claim 5.3, one would deduce that
γ˜(B) = 0 and hence that B̂ is a Severi variety, by [7].
6 Transformations whose base locus has dimension ≤ 3
Let ϕ be a special transformation as in Notation 2.4 and let r ≤ 3. From Proposition 3.1 we
get the following possibilities for (r,n): (1,4); (2,6); (3,7); (3,8). If (r,n) ∈ {(1,4),(3,7)}
then (d,∆) = (2,2) and these cases have already been classified in Theorem 5.1.
6.1 Case (r,n) = (2,6)
Lemma 6.1 is Castelnuovo’s classic argument.
Lemma 6.1 If Λ ⊂ Pc is a set of λ ≤ 2c+ 1 points in general position, then Λ imposes
independent conditions to the quadrics of Pc, i.e. h0(Pc,IΛ ,Pc(2)) = (c+1) (c+2)/2−λ .
Proof We can assume λ = 2c + 1. Put Λ = {p0, . . . , p2c} and consider the hyperplanes
H1 = 〈p1, . . . , pc〉 and H2 = 〈pc+1, . . . , p2c〉. Since the points are in general position, the
quadric H1 ∪H2 contains the points p1, . . . , p2c, but not p0. This proves the exactness of the
sequence 0 → H0(Pc,IΛ ,Pc(2))→ H0(Pc,OPc(2))→ H0(Λ ,OΛ (2)) =
⊕2c
i=0C→ 0, from
which the assertion follows.
Proposition 6.2 Let ϕ : P6 99K ϕ(P6) = S ⊂ P7 be birational and special of type (2,d),
with S a factorial hypersurface of degree ∆ ≥ 2. If r = dim(B) = 2, then B is the blow-up
σ : Bl{p0 ,...,p5}(P
2)→ P2 of 6 points in the plane with HB∼ σ ∗(4HP2)−2E0−E1−·· ·−E5
(E0, . . . ,E5 are the exceptional divisors). Moreover, we have d = 3 and ∆ = 2.
Proof By Lemma 3.3, it follows χ(B,OB(1)) = 7 and χ(B,OB(2)) = 20, from which we
deduce
PB(t) =
(
λ t2 +(26−3λ ) t +2λ −12
)
/2 =
(
(g+12) t2 +(16−3g) t +2g
)
/4
and hence g = 2(λ − 6). In particular λ ≥ 6, being g ≥ 0. Now, if λ ≤ 2codimP6(B)+
1 = 9, cutting B with a general P4 ⊂ P6, we obtain a set Λ ⊂ P4 of λ points that im-
poses independent conditions to the quadrics of P4 (Lemma 6.1); hence h0(P6,IB,P6(2))≤
h0(P4,IΛ ,P4(2)) = h0(P4,OP4(2))−λ , i.e. λ ≤ 7. Moreover, if λ ≥ 9, Λ would impose at
least 9 conditions to the quadrics and hence we would get the contradiction h0(P6,IB(2))≤
6. Hence λ = 6 or λ = 7, and in both cases, knowing the expression of the Hilbert poly-
nomial, we conclude applying [22]: if λ = 6, such a variety does not exist; if λ = 7, then
B is as asserted. Finally, by Remark 3.2, we get either (d,∆) = (3,2) or (d,∆) = (2,3),
but the latter case is impossible by Example 4.2 (the pair (d,∆) may also be determined by
calculating the Chern classes of B, as in Remark 6.3).
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6.2 Case (r,n) = (3,8)
Firstly we observe that if (r,n) = (3,8) by Remark 3.2 it follows d +∆ = 6 and hence we
have (d,∆) ∈ {(2,4),(3,3),(4,2)}.
Remark 6.3 See also [10] and [11]. Let notation be as in the proof of Proposition 3.1 and let
(r,n) = (3,8). Denote by c j := c j(TB) ·H3− jB (resp. s j := s j(NB,P8) ·H3− jB ), for 1 ≤ j ≤ 3,
the degree of the j-th Chern class (resp. Segre class) of B. From the exact sequence 0 →
TB → TP8 |B → NB,P8 → 0 we get: s1 = c1 − 9λ , s2 = c2 − 9c1 + 45λ , s3 = c3 − 9c2 +
45c1−165λ . Moreover
λ = H3B =−KB ·H2B+2g−2−λ = s1 +8λ +2g−2,
d∆ = dH ′8 = H ′7 · (dH ′−E ′) = (2H−E)7 ·H
= −H ·E7 +14H2 ·E6−84H3 ·E5 +128H8 =−s2−14s1−84λ +128,
∆ = H ′8 = (2H−E)8 = E8−16H ·E7 +112H2 ·E6−448H3 ·E5 +256H8
= −s3−16s2−112s1 −448λ +256,
and hence

s1 =−7λ −2g+2,
s2 = 14λ +28g−d∆ +100,
s3 = 112λ −224g+(16d −1)∆ −1568,


c1 = 2λ −2g+2,
c2 =−13λ +10g−d∆ +118,
c3 = 70λ −44g+(7d−1)∆ −596.
Also, if S is a general hyperplane section of B, from the exact sequence 0→TS →TB|S →
OS(1)→ 0, we deduce c2 = c2(S)+ c1(S) = 12χ(OS)−K2S −KS ·HS and hence
K2S = 14λ +12χ(OS)−12g+d∆ −116.
Proposition 6.4 Let ϕ : P8 99K ϕ(P8) = S⊂P9 be birational and special of type (2,d), with
S a factorial hypersurface of degree ∆ ≥ 2. If r = dim(B) = 3, then one of the following
cases holds:
(i) λ = 12, g = 7, d = 4, ∆ = 2, B is a linear section of the spinorial variety S10 ⊂ P15;
(ii) λ = 12, g = 7, d = 2, ∆ = 4, B is a Mukai variety with Betti numbers b2 = 2, b3 = 18;
(iii) λ = 11, g= 5, d = 3, ∆ = 3, B is the variety Qp1...,p5 defined as the blow-up of 5 points
p1, . . . , p5 (possibly infinitely near) in a smooth quadric Q ⊂ P4, with HQp1,...,p5 ∼
σ ∗(2HP4 |Q)−E1−·· ·−E5, where σ is the blow-up map and E1, . . . ,E5 are the excep-
tional divisors;
(iv) λ = 11, g = 5, d = 4, ∆ = 2, B is a scroll over PP1(O⊕O(−1)).
Proof By Proposition 3.4, B ⊂ P8 is nondegenerate and linearly normal. Let Λ ⊂ C ⊂
S ⊂ B ⊂ P8 be a sequence of general linear sections of B. By the exact sequence 0 →
IB,P8(−1)→ IB,P8 → IS,P7 → 0 and those similar for S and C, using that B, S, C are
nondegenerate, we get the inequality h0(P8,IB,P8(2)) ≤ h0(P5,IΛ ,P5(2)). In particular,
putting hΛ (2) := dim(Im(H0(P5,OP5(2))→ H0(Λ ,OΛ (2)))), we have
hΛ (2)≤ h0(P5,OP5(2))−h
0(P8,IB,P8(2)) = 11. (6.1)
If now #(Λ) = λ ≥ 11, taking Λ ′ ⊆Λ with #(Λ ′) = 11, by Lemma 6.1 we obtain
hΛ (2) ≥ h0(P5,OP5(2))−h
0(P5,IΛ ′,P5(2)) = #(Λ ′) = 11. (6.2)
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The inequalities (6.1) and (6.2) yield hΛ (2) = 2 ·6−1 and this, by [8, Lemma 1.10], yields a
contradiction if λ ≥ 13. Thus we have λ ≤ 12 and, by Castelnuovo’s bound [17, page 252],
we also have
KS ·HS = (KB+HB) ·H2B = 2g−2−λ ≤ 0. (6.3)
We discuss two cases.
Case 6.1 (Suppose KS ≁ 0) By (6.3) and by the proof of [21, V Lemma 1.7], it follows
that h2(S,OS) = h2(S,OS(1)) = 0. Consequently, by Lemma 3.3 and by the exact sequence
0 →OB(−1)→ OB →OS → 0, we obtain
h2(B,OB) = h3(B,OB) = h3(B,OB(−1)) = 0.
Moreover h1(B,OB) = h1(S,OS) =: q and using again Lemma 3.3 we obtain
χ(B,OB(−1)) = 0, χ(B,OB) = 1−q,
χ(B,OB(1)) = 9, χ(B,OB(2)) = 35.
(6.4)
Now, the conditions (6.4) determine PB(t) in function of q, from which in particular we
obtain λ = 11− 3q, g = 5− 5q. Being g ≥ 0, we have (q,λ ,g) = (0,11,5) or (q,λ ,g) =
(1,8,0), but the latter case is impossible by [15, Theorems 10.2 and 12.1, Remark 12.2].
Thus we have
q = 0, PB(t) =
(
11t3 +21t2 +16t +6
)
/6, KS ·HS =−3, g = 5. (6.5)
Applying the main result in [23] and the numerical constraints in [4] and [5], it follows
immediately that B is one of the following:
(a) the variety Qp1 ,...,p5 ;
(b) a scroll over a surface Y , where Y is either the blow-up of 5 points in P2, or the rational
ruled surface PP1(O⊕O(−1));
(c) a quadric fibration over P1.
Now, if B is as in case (b), we use the well-known relation (multiplicativity of the topo-
logical Euler characteristic) c3(B) = c1(P1)c2(Y ), and by Remark 6.3 we deduce ∆ =
(2c2(Y )+46)/(7d−1). Moreover, if Y is the blow-up of 5 points in P2, we have c2(Y ) =
12χ(OY )−K2Y = 12χ(OP2)−(K2P2−5)= 8, while if Y is PP1(O⊕O(−1)), we have c2(Y )=
4. Thus, if B is as in case (b), we have Y = PP1(O⊕O(−1)), d = 4 and ∆ = 2. If B is as in
case (c), we easily deduce that c2(B) = 20 and hence, again by Remark 6.3, we obtain the
contradiction d∆ = 5. Now suppose B as in case (a), namely B is obtained as a sequence
B= Z5
σ5−→ Z4
σ4−→ ·· ·
σ1−→ Z0 = Q,
where σ j is the blow-up at a point p j ∈ Z j−1, HZ j = σ ∗j (HZ j−1)−E j, E j is the exceptional
divisor and HZ0 = HQ = 2HP4 |Q. By [17, page 609] it follows that c2(Z j) = σ ∗j (c2(Z j−1))
and hence
c2(Z j) ·HZ j = σ
∗
j (c2(Z j−1)) ·σ
∗
j (HZ j−1 )−σ
∗
j (c2(Z j−1)) ·E j = c2(Z j−1) ·HZ j−1 .
In particular, we obtain c2(B) ·HB = 2c2(Q) ·HP4 |Q = 16. On the other hand, by Remark
6.3, we obtain that c2(B) ·HB = 25−d∆ , hence d∆ = 9.
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Case 6.2 (Suppose KS ∼ 0) By Castelnuovo’s bound, since KS ·HS = 0, it follows that
(λ ,g) = (12,7) and hence also that χ(S,OS) =−3λ +2g+24 = 2 (note that, as in the previ-
ous case, we know the values of PB(1) and PB(2)). We have q= h1(S,OS) = 1−χ(S,OS)+
h2(S,OS)=−1+h2(S,KS)= 0 and hence S is a K3-surface, C is a canonical curve and B is a
Mukai variety. Now we denote by b j = b j(B) the j-th Betti number of B. By Poincare´-Hopf
index formula and Poincare´ duality (see for example [17]) we have c3(B) = ∑ j(−1) jb j =
2+ 2b2 − b3 and, by Remark 6.3, we also have c3(B) = −7d2 + 43d − 70. Moreover, by
[29], if b2 ≥ 2 then (b2,b3)∈{(2,12),(2,18),(3,16),(9,0)}. Thus, if b2 ≥ 2 we have b2 = 2,
b3 = 18, d = 2, ∆ = 4. Finally, by [30], if b2 = 1 then B is a linear section of the spinorial va-
riety S10 ⊂ P15. Thus, we have a natural inclusion ι : H0(P15,IS10(2)) →֒ H0(P8,IB(2))
and, since h0(P15,IS10(2)) = h0(P8,IB(2)), we see that ι is an isomorphism. This says
that ϕ is the restriction of the map ψ : P15 99K Q⊂ P9 given in Example 4.4.
Remark 6.5 (on case (iv) of Proposition 6.4) More precisely, from [4, Proposition 4.2.3]
it follows that B = PF1(E ), where (F1,HF1) := (PP1(O ⊕O(−1)),C0 + 2 f ) (notation as
in [21, page 373]) and E is a locally free sheaf of rank 2 on F1, with c2(E ) = 10. F1
is thus the cubic surface of P4 with ideal generated by: x0x3 − x2x1,x0x4 − x3x1,x2x4 − x23
and it is isomorphic to P2 with one point blown up. We point out that the problem of the
existence of an example for case (iv) of Proposition 6.4 is essentially reduced to showing
that such a scroll over F1 must be cut out by quadrics. In fact, by [1] (see also [6]) there
exists a smooth irreducible nondegenerate linearly normal 3-dimensional variety X ⊂ P8
with h1(X ,OX ) = 0, degree λ = 11, sectional genus g = 5, having the structure of a scroll
PF1(E ) with c1(E ) = 3C0 + 5 f and c2(E ) = 10 and hence having degrees of the Segre
classes s1(X) = −85, s2(X) = 386, s3(X) = −1330. Now, by [2, Proposition 2], X ⊂ P8
is arithmetically Cohen-Macaulay and by Riemann-Roch, denoting with C a general curve
section of X , we obtain
h0(P8,IX (2)) = h0(P6,IC(2)) = h0(P6,OP6(2))−h
0(C,OC(2))
= 28− (2λ +1−g) = 10.
If the homogeneous ideal of X is generated by quadratic forms or at least if X =V (H0(IX (2))),
the linear system |IX (2)| defines a rational map ψ : P8 99K S = ψ(P8) ⊂ P9 whose base
locus is X and whose image S is nondegenerate. Now, denoting with pi : BlX (P8)→ P8 the
blow-up of P8 along X , as in Remark 6.3, we deduce
deg(ψ)deg(S) = (2pi∗(HP8)−EX )8
= −s3(X)−16s2(X)−112s1(X)−448deg(X)+256 = 2,
from which deg(ψ) = 1 and deg(S) = 2.
Proposition 6.6 Let ϕ : P8 99K ϕ(P8) = S ⊂ P9 be birational and special of type (2,d),
with S a hypersurface as in Notation 2.4. If r = dim(B) = 3, then either case (i), case (iii),
or case (iv) of Proposition 6.4 holds.
Proof We have to exclude case (ii) of proposition 6.4, so we just assume that B is as in this
case. Using the fact that KB ∼−HB and (λ ,g) = (12,7) we can compute the Segre classes
of the tangent bundle of B:
s1(TB) ·H2B = −λ =−12,
s2(TB) ·HB = −24+λ =−12,
s3(TB) = −c3(B)+48−λ = 100− (7d−1)∆ .
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Since B is a QEL-variety of type δ = 0 we apply the double point formula (see for example
[32] and [26])
2(2d−1) = 2deg(Sec(B)) = λ 2−
3
∑
j=0
(
7
j
)
s3− j(TB) ·H
j
B
= (7d−1)∆ −40, (6.6)
from which we deduce ∆ = (4d+38)/(7d−1) i.e. d = 4 and ∆ = 2.
Proof (Second proof of Proposition 6.6) Let x ∈B be a general point and put k = #(Lx,B).
Since the variety B is not a scroll over a curve (otherwise it would happen λ 2 ≥ (2r +
1)λ +r(r+1)(g−1), by [5]) and it is defined by quadrics, by [9, Proposition 5.2], it follows
that the support of the base locus of the tangential projection τx,B : B 99K Wx,B ⊂ P4, i.e.
(Tx(B)∩B)red, consists of 0 ≤ k < ∞ lines through x. Now, by Proposition 3.1, B is a
QEL-variety of type δ = 0 and repeating the argument in [9, §5] (keeping also in mind [24,
Theorem 2.3]) we get the relation λ −8+k = deg(Wx,B). On the other hand, by proceeding
as in Claim 5.2 or in [28, Theorem 1.4], we also obtain deg(Wx,B)≤ d. Hence, we deduce
λ −8+ k ≤ d, (6.7)
from which the conclusion follows.
Remark 6.7 Note that in case (iii) of Proposition 6.4, by (6.7) it follows that k = #(Lx,B) =
0. We show directly that for a general point x ∈Q=Qp1 ,...,p5 , we have Lx,Q = /0. Suppose
by contradiction that there exists [l]∈Lx,Q. Then 0 = dim[l](Lx,Q) =H0(P1,Nl,Q(−1)) =
H0(P1,TQ|l(−1))−2 =−KQ · l−2, and hence
(KQ+2HQ) · l = 0. (6.8)
Moreover, by [23, §0.3], the adjunction map ψQ, i.e. the map defined by the complete linear
system |KQ+2HQ|, is everywhere defined and we have a commutative diagram of adjunc-
tion maps
(Q,HQ)
ψQ
//
σ

ψQ(Q)
(Q,HQ)
ψQ
99ttttttttt
where σ is the blow-up map and (Q,HQ) = (Q3 ⊂ P4,2HP4 |Q). Now KQ +2HQ ∼ (KP4 +
Q)|Q +2(2HP4)|Q ∼ (−5HP4 +2HP4 +4HP4)|Q ∼ HP4 |Q, but this is in contradiction with
(6.8).
Corollary 6.8 Let ϕ be of type (2,3) and let ∆ = 3. Then B is the variety Qp1 ,...,p5 ⊂ P8.
Proof By Propositions 3.1 and 3.5, B is a QEL-variety of type δ = 0 and dimension 3 in
P8. Hence we apply Proposition 6.6.
6.3 Summary table
Table 6.1 classifies all special transformations as in Notation 2.4 and with r ≤ 3. We point
out that in [38] we have extended this table in the case in which S is not necessarily a
hypersurface.
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r n ∆ d δ λ Abstract structure of B Examples
1 4 2 2 0 4 (P1,O(4)) exist
2 6 2 3 0 7 Edge variety exist
3 7 2 2 1 6 Hyperplane section of P2×P2 ⊂ P8 exist
3 8 2 4 0 12 Linear section of S10 ⊂ P15 exist
3 8 3 3 0 11 Qp1 ,...,p5 exist
3 8 2 4 0 11 Scroll over PP1 (O⊕O(−1)) not know
Table 6.1 Cases with r ≤ 3.
7 Invariants of transformations of type (2,2) into a cubic and a quartic
Remark 7.1 Let δ ≥ 3 and consider Lx,B ⊂ Pr−1, where x ∈B is a general point. By [33,
Theorem 2.3] and [35, Corollary 1.6] it follows that Lx,B is a smooth irreducible nonde-
generate variety of codimension (r− δ + 2)/2 and it is scheme-theoretic intersection of
quadrics. Then, applying [3, Corollary 2], we get that Lx,B is linearly normal.
In Propositions 7.2 and 7.3 we write P = a0,a1, . . . ,ar to indicate that PB(t) = a0
(t
r
)
+
a1
( t
r−1
)
+ · · ·+ar .
Proposition 7.2 Let ϕ be of type (2,2) and let ∆ = 3. Then B is a QEL-variety of type δ
and a Fano variety of the first species of coindex c, as one of the following cases:
(i) n = 18, r = 10, δ = 4, c = 4, P = 34, 272, 964, 1988, 2633, 2330, 1387, 544, 133, 18,
1; for the general point x ∈B, Lx,B ⊂ P9 is projectively equivalent to P1×P4 ⊂ P9.
(ii) n = 24, r = 14, δ = 6, c = 5, P = 80, 920, 4866, 15673, 34302, 53884, 62541, 54366,
35472, 17228, 6104, 1521, 250, 24, 1; for the general point x ∈ B, Lx,B ⊂ P13 is
projectively equivalent to a smooth 8-dimensional linear section of S10 ⊂ P15.
Proof By Proposition 3.1 and Proposition 3.4 parts 1 and 2, and applying [25, Theorem 2.2]
and [33, Theorem 2.8], it follows that B is a QEL-variety of type δ and
(n,r,δ ) ∈ {(6,2,0),(12,6,2),(18,10,4),(24,14,6)}.
The tern (6,2,0) is excluded by Proposition 6.2; the tern (12,6,2) is excluded since oth-
erwise by Proposition 3.4 part 3, we would get incompatible conditions for PB(t). The
statement on Lx,B, in the case (i) follows from [25, Theorem 2.2], while in the case (ii) it
follows from [30] or [33, Corollary 3.2].
Proposition 7.3 Let ϕ be of type (2,2) and let ∆ = 4. Then B is a QEL-variety of type δ
and a Fano variety of the first species of coindex c, as one of the following cases:
(i) n = 17, r = 9, δ = 3, c = 4, P = 35, 245, 747, 1297, 1406, 980, 435, 117, 17, 1; for
the general point x ∈B, Lx,B ⊂ P8 is projectively equivalent to PP1(O(1)⊕O(1)⊕
O(1)⊕O(2))⊂ P8.
(ii) n = 23, r = 13, δ = 5, c = 5, P = 82, 861, 4126, 11932, 23195, 31943, 31984, 23504,
12628, 4875, 1306, 228, 23, 1; for the general point x ∈B, Lx,B ⊂ P12 is projectively
equivalent to a smooth 7-dimensional linear section of S10 ⊂ P15.
Proof As in the proof of Proposition 7.2, we get that B is a QEL-variety of type δ and
dimension r with
(n,r,δ ) ∈ {(8,3,0),(11,5,1),(17,9,3),(23,13,5)}.
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The case with δ = 0 is excluded by Proposition 6.6; the case with δ = 1 is excluded by
Proposition 3.4 part 3; by the same Proposition, we get the expression of the Hilbert poly-
nomials in the cases with δ ≥ 3. Finally, the statement on Lx,B, in the case (i) follows from
[25, Theorem 2.2], while in the case (ii) it follows from [30] (for the latter case, by Kodaira
Vanishing Theorem and Serre Duality, we get g(Lx,B) = 7).
8 Complements
In this section we treat the nonspecial case when n ≤ 4. Precisely, we keep the following
notation:
Notation 8.1 Let ϕ :Pn 99K ϕ(Pn)=Q⊂Pn+1 be a quadratic birational transformation into
an irreducible (hence normal, by [21, I Exercise 5.12, II Exercise 6.5]) quadric hypersurface
Q and moreover suppose that its base locus /0 6=B⊂ Pn is reduced.
Lemma 8.2 Let X ⊆B be a degenerate irreducible component of B.
1. If codimPn(X) = 2 then deg(X)≤ 2 and, if deg(X) = 2 then X =B and B is a quadric.
2. If codimPn(X) = 3 then deg(X) ≤ 4 and, if deg(X) = 4 then we have h0(Pn,IX(2)) =
h0(Pn,IB(2))+1.
Proof We can choose coordinates x0, . . . ,xn on Pn such that X ⊂V (xn)⊂Pn and we consider
the restriction map u : H0(Pn,IB(2))→ H0(Pn−1,IX (2)), defined by u(F(x0, . . . ,xn)) =
F(x0, . . . ,xn−1,0). We remark that for every F ∈ H0(Pn,IB(2)) we have F ∈ 〈u(F)〉 ⊕
〈x0xn, . . . ,xn−1xn,x2n〉 and, in particular, H0(Pn,IB(2)) ⊆ Im(u)⊕ 〈x0xn, . . . ,xn−1xn,x2n〉.
Thus dim(Im(u))≥ 1 and, if dim(Im(u)) = 1 then B is a quadric hypersurface in Pn−1. Now
suppose codimPn(X)= 2. From the above, there exists ¯F ∈H0(Pn−1,IX(2)) and X has to be
an irreducible component of V ( ¯F). It follows that deg(X)≤ deg( ¯F) = 2 and, if deg(X) = 2
then X = V ( ¯F) and h0(Pn−1,IX (2)) = dim(Im(u)) = 1. Suppose codimPn(X) = 3. From
the above, there exist ¯F , ¯F ′ ∈ H0(Pn−1,IX (2)) which are linearly independent and X has
to be contained in the complete intersection V ( ¯F, ¯F ′). It follows that deg(X) ≤ 4 and, if
deg(X) = 4 then h0(Pn−1,IX (2)) = dim(Im(u)) = 2.
Proposition 8.3 If n = 3, then either
(i) ϕ is of type (2,1), or
(ii) ϕ is of type (2,2), rk(Q) = 4 and B is the union of a line r with two points p1, p2 such
that 〈p1, p2〉∩ r = /0.
Proof Since codimP3(B)≥ 2, B has the following decomposition into irreducible compo-
nents:
B=
⋃
j
C j ∪
⋃
i
pi,
where C j and pi are respectively curves and points, with deg(C j) ≤ 3 by Be´zout’s Theo-
rem. If one of C j is nondegenerate, then deg(C j) = 3 and C j is the twisted cubic curve, by
[19, Proposition 18.9]. This would produce the absurd result that 5 = h0(P3,IB,P3(2)) ≤
h0(P3,IC j,P3(2)) = 3 and hence we have that every C j is degenerate. By Lemma 8.2, using
the fact that a line imposes 3 conditions to the quadrics, it follows that B is a (irreducible or
not) conic or as asserted in (ii). In the latter case, modulo a change of coordinates, we can
suppose r =V (x2,x3), p1 = [0,0,1,0], p2 = [0,0,0,1] and we get
B=V (x0x2, x0x3, x1x2, x1x3, x2x3), Q =V (y0y3− y1y2). (8.1)
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Lemma 8.4 If n ≥ 3 and B has an isolated point, then rk(Q)≤ 4.
Proof Let p be an isolated (reduced) point of B and consider the diagram
Pn−1 ≃ E 

//
ϕ¯

❥ ❣
❞ ❪ ❯
❑
❋
❅
✿
✻
✸
Blp(Pn)
pi
 %%
❑
❑
❑
❑
❑
Pn
ϕ
//❴❴❴❴ Q ⊂ Pn+1
By the hypothesis on p, ϕ¯ is a linear morphism and so the quadric Q = Qn contains a Pn−1.
This, since n ≥ 3, implies rk(Q)≤ 4.
Proposition 8.5 If n = 4 and rk(Q)≥ 5, then either
(i) ϕ is of type (2,1), or
(ii) ϕ is of type (2,2), Q is smooth and B is one of the following (Figure 8.1):
(a) the rational normal quartic curve,
(b) the union of the twisted cubic curve in a hyperplane H ⊂ P4 with a line not con-
tained in H and intersecting the twisted curve,
(c) the union of an irreducible conic with two skew lines that intersect it,
(d) the union of three skew lines with another line that intersects them.
Proof By Lemma 8.4 and since codimP4(B) ≥ 2, B has the following decomposition into
irreducible components:
B=
⋃
i
Si ∪
⋃
j
C j,
where Si and C j are respectively surfaces and curves. Let S be one of Si and let C be one of
C j. We discuss all possible cases.
Case 8.1 (deg(S)≥ 4) This case is impossible by Be´zout’s Theorem.
Case 8.2 (deg(S) = 3, S nondegenerate) Cutting S with a general hyperplane P3 ⊂ P4, we
obtain the twisted cubic curve Γ ⊂ P3. Hence, from the exact sequence 0 →IS,P4(−1)→
IS,P4 → IΓ ,P3 → 0, we get the contradiction 6 = h0(P4,IB,P4(2)) ≤ h0(P4,IS,P4(2)) ≤
h0(P3,IΓ ,P3(2)) = 3.
Case 8.3 (deg(S) ≥ 2, S degenerate) By Lemma 8.2 we have deg(S) = 2 and S = B is a
quadric.
Case 8.4 (deg(C)≥ 5, C nondegenerate) Take a general hyperplane P3 ⊂ P4 and put Λ =
P3∩C. Λ is a set of λ ≥ 5 points of P3 in general position and therefore, by Lemma 6.1, we
get the contradiction
6 = h0(P4,IB(2))≤ h0(P4,IC(2))≤ h0(P3,IΛ (2))≤
{
10−λ ≤ 5, if λ ≤ 7
10−7 = 3, if λ ≥ 7.
Case 8.5 (deg(C)≥ 5, C degenerate) This is impossible by Lemma 8.2.
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Case 8.6 (deg(C) = 4, C nondegenerate) By [19, Proposition 18.9], C is the rational normal
quartic curve and one of its parameterizations is [s, t] ∈ P1 7→ [s4,s3t,s2t2,st3, t4] ∈ P4. We
have h0(P4,IC,P4(2)) = 6 and hence C =B and
B = V (x22− x1x3, x2x3− x1x4, x0x4− x1x3, x23− x2x4, x0x2− x21, x0x3− x1x2), (8.2)
Q = V (y0y2− y1y5 + y3y4). (8.3)
Case 8.7 (deg(C)= 4, C degenerate) This case is impossible by Lemma 8.2 and Proposition
2.3.
Case 8.8 (deg(C) = 3, 〈C〉 = P3) Modulo a change of coordinates, C is the twisted cubic
curve parameterized by [s, t] ∈ P1 7→ [s3,s2t,st2, t3,0] ∈ V (x4) and, by the reduction ob-
tained, since h0(P4,IC(2)) = h0(P4,IB(2))+ 2, it follows B = C∪ r, where r is a line
that intersects C in a single point transversely. We can choose the intersection point to be
p = [1,0,0,0,0] and then we have r = {[s+ q0t,q1t,q2t,q3t,q4t] : [s, t] ∈ P1}, for a some
q = [q0,q1,q2,q3,q4] ∈ P4. By Proposition 2.3 we have q4 6= 0 and only for simplicity of
notation we take q = [0,0,0,0,1], hence r =V (x1,x2,x3). So we obtain
B = V (x21− x0x2, x3x4, x0x3− x1x2, x2x4, x1x3− x22, x1x4), (8.4)
Q = V (−y4y5 + y2y3 + y0y1). (8.5)
Case 8.9 (deg(C) = 3, 〈C〉 = P2) It is impossible because otherwise B would contain the
entire plane spanned by C.
Case 8.10 (deg(S) = 1) Since planes, conics and lines impose to the quadrics respectively
6, 5 and 3 conditions, we have two subcases:
Subcase 8.10.1 (B = S∪Γ , Γ conic, #(Γ ∩ S) = 2) This is impossible because otherwise
there exists a line cutting B in exactly 3 points.
Subcase 8.10.2 (B= S⊔ l, l line) This contradicts the birationality of ϕ .
Case 8.11 (deg(C) = 2, C irreducible) Let C′, l, l′ be respectively eventual conic and even-
tual lines contained in B. We discuss the subcases:
Subcase 8.11.1 (B = C∪C′, #(C∩C′) = 1) In this case, we would have that rk(Q) = 4,
against the hypothesis.
Subcase 8.11.2 (B = C ∪C′ ∪ l, #(C∩C′) = 2, #(C∩ l) = #(C′ ∩ l) = 1) B ⊇ C∪C′ ∪ l
implies that B is a quadric of codimension 2.
Subcase 8.11.3 (B = C∪ l ∪ l′, #(l ∩ l′) = 0, #(C∩ l) = #(C∩ l′) = 1) This case is really
possible and, modulo a change of coordinates, we have
B = V (x22 + x0x1, x3x4, x1x3, x2x4, x2x3, x0x4), (8.6)
Q = V (−y2y5− y3y4 + y0y1). (8.7)
Case 8.12 (deg(C) = 2, C reducible) By the reduction obtained, B contains two other skew
lines, each of which intersects C at a single point. This case is really possible and, modulo a
change of coordinates, we have
B = V (x1x2, x3x4, x0x3, x2x4, x2x3, x0x4− x1x4), (8.8)
Q = V (−y4y5 + y2y3− y0y1). (8.9)
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Fig. 8.1 Base loci when n = 4.
Example 8.6 suggests that a possible generalization of Proposition 8.5 to the case where
B in nonreduced and rk(Q)< 5 may not be trivial.
Example 8.6 The rational map ϕ : P4 99K P5 defined by
ϕ([x0,x1,x2,x3,x4]) = [x20,−x0x1,−x0x2,x21− x0x3,2x1x2− x0x4,x22],
is birational into its image, which is the quadric of rank 3, Q=V (y0y5−y22). If pi : P5 99K P4
is the projection from the point [0,0,0,0,0,1], then the composition pi ◦ϕ : P4 99K P4 is an
involution. The base locus B of ϕ is everywhere nonreduced, (B)red = V (x0,x1,x2) and
PB(t) = 4t +1.
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